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Abstract

In this study, mixed convection in a vertical channel flow discharging over a horizontal isotherm surface is investigated numerically using a
finite difference method based on projection algorithm. The governing equations are discretized by a second order central difference in space and
first order in time. The average Nusselt number is calculated on the horizontal surface in various vertical channels of varying areas considering
non-dimensional parameters consisting of Reynolds and Richardson (or Grashof) numbers. Analysis of the results shows that there is an optimum
gap to have a maximum heat transfer rate over the surface. The optimum gap value varies with Grashof and Reynolds numbers and inlet length of
the channel but for high Richardson numbers, Nu has an increasing trend with reduction of gap size. By increasing the Re, Gr and Ri numbers,
Nu number increases but in Ri of 0.1 and 0.01 the variations are approximately similar to each other. In addition, a divergent channel is usually
more efficient than convergent one concerning heat transfer over the horizontal surface. Effects of Prandtl number and asymmetricity in channel
are investigated in detail too.
© 2006 Elsevier Masson SAS. All rights reserved.
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1. Introduction

Mixed convection is present where both natural and forced
convection are significant in fluid flow. There are many exam-
ples for industrial applications such as cooling towers, elec-
tronic device cooling, turbine blade cooling, etc., but the config-
uration studied here can be used especially in flip-chips cooling
problems.

The mixed convection problem is investigated by many re-
searchers in recent decades. One of the good sources for gen-
eral review of the combined convection phenomena is the book
written by Gebhart et al. [1]. However, following some related
published articles are cited to get more insight into the im-
portance of the problem. Wang et al. [2] has studied mixed
convection heat transfer in a horizontal open channel flow with
uniform bottom heat flux, where they experimentally investi-
gated the effect of thermal instabilities on hydrodynamic and
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thermal conditions. Laminar mixed convection in a partially
blocked vertical channel has numerically studied by Habchi and
Acharya [3]. They reported local maximum Nusselt number at
the point where separated flow beyond the blockage reattaches.
An experimental investigation of mixed convection from an iso-
lated heat source module on a horizontal plate with different
thicknesses has been carried out by Kang et al. [4] to study
the effects of the externally induced flow on the heat transfer
rate. They have found that the maximum surface temperature
occurs at the top face of module in the natural convection dom-
inated flow and at the right face of module in the forced con-
vection dominated flow. Rahman and Carey [5] have measured
mixed convection in a partial enclosure and shown that local
heat transfer coefficient over the heated surface is strongly ef-
fected by the recirculation portions of flow within the enclosure
as well as the impingement of the flow on the side walls. Mixed
convection in an inclined channel with a discrete heat source
was numerically studied by Choi and Ortega [6] to indicate the
effect of the inclination angle on different convection regimes.
Calmidi and Mahajan [7] have considered a numerical inves-
tigation of mixed convection over a heated horizontal surface
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Nomenclature

a, b parameters to determine vertical channel curve
Gr Grashof number
H dimensionless height of the channel
h height of the channel
k fluid conductivity
L dimensionless length of the channel
l length of the channel
Nu average Nusselt number
NuX Nusselt number
P dimensionless pressure
p pressure
Pe Peclet number
Pr Prandtl number
R dimensionless inlet length of the channel
r inlet length of the channel
Re Reynolds number
Rec corrected Reynolds number
Ri Richardson number
T dimensionless temperature
t temperature
U,V dimensionless components of velocity
u,v x, y components of velocity
�V velocity vector
X,Y dimensionless independent variables

x, y independent variables
W dimensionless gap
w gap

Greek symbols

α thermal diffusivity
β volume coefficient of expansion
ε dimensionless heat source length
ϕ channel wall slope
ν cinematic viscosity
θ dimensionless time step
ρ density
ξ, η independent variables for transformed space

Subscripts

L left side of the channel
R right side of the channel
s surface
w wall
in inlet property of fluid

Superscripts

∗ provisional velocity
n current time
n + 1 next time
in a partial enclosure using various pattern of flow fields. Pa-
panicolaou and Jaluria [8–11] carried out a series of numerical
studies in order to investigate the combined forced and natural
convective cooling of heat-dissipating electronic components,
located in a rectangular enclosure, and cooled by an external
through flow of air.

Aydin [12] investigated laminar mixed convection flow of air
in a square cavity. The flow in the cavity is induced by the com-
bined shear force and buoyancy force resulting from the move-
ment of the left wall and the differential heating of the vertical
walls. Two different implementations of the thermal boundary
conditions were considered in order to characterize the aiding
and opposing effects of buoyancy on the forced flow. Aydin
and Yang [13] studied mixed convection in a two-dimensional
square enclosure with localized heating from below and sym-
metrical cooling from the moving side walls. They studied ef-
fect of Ri and the dimensionless heat source length (ε). They
show that the effective range of the mixed convection regime
becomes larger with the increasing value of heat source length.
A similar problem has been investigated where the isothermal
heat source at the bottom wall is replaced with a constant flux
heat source [14].

Oztop and Dagtekin [15] studied steady state two-dimen-
sional mixed convection problem in a vertical two-sided lid-
driven differentially heated square cavity. The left and right
moving walls have different constant temperatures while up-
per and bottom walls are thermally insulated. They considered
three cases depending on the direction of moving walls. The
heat transfer is enhanced for the case of opposing buoyancy and
shear forces and for Ri = 10. For Ri < 1, the forced convection
becomes dominant, the natural convection relatively weak, as a
result of which Nusselt number is relatively higher. In the case
of Ri < 1, which is the forced convection dominated regime,
when the vertical walls move in is considerably enhanced re-
gardless of which side moves upwards.

Hsu and Wang [16] presented laminar mixed convection of
micropolar fluids in a square cavity with localized heat source
for Newtonian and non-Newtonian fluids. They showed that,
increasing the amount of Re or Gr leads to higher heat transfer
coefficient, higher heat source temperature and the heat trans-
fer coefficient is lower for a micropolar fluid, as compared to a
Newtonian fluid.

In this paper, the mixed convection is studied in different
vertical channels flow discharging over a horizontal flat surface.
The governing equations are solved using a second order finite
difference method based on Projection scheme. Due to presence
of buoyancy forces, energy equation is solved in couple with
momentum equations. Here, effect of various vertical channels
with constant mass fluxes on heat transfer is studied in detail
taking into account the governing non-dimensional parameters.

2. Governing equations

The physical domain has been shown schematically in
Fig. 1. The flow impinges vertically on a horizontal flat sur-
face and divides into two equal size branches. It should be
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Fig. 1. Schematic of the system.

mentioned that the channel may have symmetry or asymme-
try varying areas in this study.

To obtain non-dimensional governing equations, the follow-
ing parameters are used

X = x

l
, Y = y

l
, P = p

ρv2
in

U = u

vin
, V = v

vin
, T = t − tin

ts − tin

Re = vinl

ν
, Pr = ν

α
, Pe = Re Pr

Gr = gβ(ts − tin)l
3

ν2
, Ri = Gr

Re2
(1)

Here, for thermal buoyancy effect Boussinesq approxima-
tion is used. Hence, the non-dimensional governing equations
in non-conservative forms, considering two-dimensional in-
compressible viscous flows in presence of body forces includ-
ing continuity, momentum, and energy equations are
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Therefore to study the problem, the governing non-dimen-
sional parameters including Reynolds, Richardson, and Prandtl
numbers as well as non-dimensional gap and inlet length of
the channel be considered. As it is clear, in mixed convection
problem, all the equations are coupled and have to be solved
simultaneously.
Fig. 2. Physical space and the transformed computational space.

3. Grid generation

Introducing the following algebraic relations, the non-
rectangular physical domain is transformed into a rectangular
uniform domain which is suitable to implement the finite dif-
ference scheme (Fig. 2).{

ξ = X
a+bY

η = Y

a,b =
{1.0,0.0 Y < W

1.0 + 2W tan(ϕL),−2 tan(ϕL) Y � W,X < 0
1.0 + 2W tan(ϕR),−2 tan(ϕR) Y � W,X � 0

(3)

where non-dimensional gap (W ) and non-dimensional inlet
length of the channel (R) are defined as follows (for a sym-
metric channel, left and right inlet lengths are equal)

W = w

l
, R = RL + RR = rL

l
+ rR

l
(4)

In this way, the governing equations are transformed from
physical space to computational space considering the com-
puted Jacobean, as follow [17]

J = 1.0

a + bY
(5)

and hence the partial derivatives convert to the following forms

∂f

∂X
= J

∂f

∂ξ
,
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(6)

where, f is a general function and could be U , V , P and T .
Therefore, the transformed non-dimensional governing

equations in computational domain are
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4. Numerical solving method

To solve the governing equations, a staggered mesh is used
to discretize the equations and the following boundary condi-
tions are implemented

(1) On the channel walls, no-slip and adiabatic conditions are
employed.

(2) On the horizontal flat surface, no-slip and isothermal con-
ditions are used.

(3) In the inlet, uniform velocity and temperature are consid-
ered.

(4) In the outlet, fully developed conditions are assumed for
temperature and velocity.

Projection algorithm is used to solve the governing equa-
tions. This explicit method is a fractional step method with first
order accuracy in time [18]. At the first step, provisional veloc-
ity is computed with

�V ∗ − �V n

�θ
+ (( �V .∇) �V )n = 1

Re

(∇2 �V )n
(8)

This is the momentum equation without a pressure gradient.
Then, at the second step, provisional velocity is corrected by
considering the following equations

�V n+1 − �V ∗

�θ
+ ∇P n+1 = 0 (9)

The continuity is

∇. �V n+1 = 0 (10)

Taking the divergence of Eq. (9) and use of Eq. (10), the
Poisson equation for the pressure field results as

∇2P n+1 = 1

�θ
∇. �V ∗ (11)

In this method, Neumann boundary conditions are used for
pressure at all boundaries

∂P

∂ �n
∣∣∣∣ = 0.0 (12)

Boundary
Fig. 3. Nusselt number along the isothermal heat source of the bottom wall for
this study and [6].

Fig. 4. Grid independency of numerical simulation test for Pr = 0.7, W = 0.5,
Gr = 2500, R = 0.4.

Due to the lack of experimental data on the particular prob-
lem along with its associated boundary conditions investigated
in this study, validation of the predictions could not be done
against experiment. However, the case of Aydin and Yang [13]
with symmetric isothermal heat source at the bottom wall was
reproduced. A comparison of the variation of the Nusselt num-
ber along the isothermal heat source of the bottom wall, pre-
dicted by Aydin and this study is shown in Fig. 3 where the
agreement is found to be good, and the small deviation stems
from the difference in resolution.

To test grid independency of the numerical simulation, the
problem has been solved in different mesh sizes. For this rea-
son, the governing equations have been solved for 25 × 25,
29 × 29, 35 × 35, 41 × 41 and 45 × 45 mesh sizes. Fig. 4 shows
Nu versus Re in various mesh sizes in Pr = 0.7, Gr = 25000,
W = 0.5 and R = 0.4. The figure shows the solution is inde-
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Fig. 5. Velocity, temperature and pressure contours for ϕ = 15◦ , Re = 150,
Ri = 0.1, Pr = 0.7, W = 0.3.

Fig. 6. Pressure contours and streamlines for Re = 100, Ri = 1.0, ϕL = 10◦ and
ϕR = 25◦ , Pr = 0.7, W = 0.3.

pendent of the grid, for convenience a grid of 35 × 35 is used
for the rest cases.

5. Results and discussion

The numerical results obtained here investigate the effects
of geometrical non-dimensional parameters including exit gaps
(W ) and channel inlet length (R), and physical dimension-
less parameters consisting of Reynolds, Richardson, Grashof,
Prandtl, and Nusselt numbers on the heat transfer over the hori-
zontal surface admitting the vertical channel flow. Furthermore,
the optimum gap size to have a maximum heat transfer rate on
the horizontal surface is studied in detail. This point along with
the generality of vertical channel geometry distinguish present
article from other similar researches.
Fig. 7. Temperature contours and streamlines for ϕ = 0◦ , Pr = 0.7, Re = 225,
Ri = 10.0, W = 0.3 (a), (b), ϕ = −20◦ , Re = 150, Ri = 1.0, W = 0.3 (c), (d),
ϕ = 8◦ , Re = 100, Ri = 10.0, W = 0.1 (e), (f).

As already mentioned, for all the cases to be discussed here,
the mesh is considered uniform with 35 by 35 divisions in x

and y directions. In addition, unless otherwise specified, ϕL =
ϕR = ϕ (rR = rL = r/2.0), Pr is 0.7 and W is 0.3. Height and
length of the channel are assumed to be equal (l = h), and the
average Nusselt number (Nu) is computed from integrating the
non-dimensional temperature gradient on the surface

Nu =
∫

NuX dX → Nu =
0.5∫

−0.5

−
[
∂T

∂Y

]
Y=0

dX (13)

The governing equations are solved for Re between 50 and
500, Pr from 0.7 to 5, Gr from 103 to 5 × 105, inlet length of
the channel from 0.25 to 1.4, and dimensionless gap from 0.1
to 0.5 in different cases.

Fig. 5 shows velocity, temperature and pressure contours
for ϕ = 15◦, Re = 150 and Ri = 0.1, where forced convection
is dominant and large variations appear in the pressure, tem-
perature, and velocity fields on the horizontal surface around
stagnation point.
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Fig. 6 shows effect of asymmetry of the vertical channel on
pressure contours and streamlines for Re = 100, Ri = 1.0, ϕL =
10◦ and ϕR = 25◦. The contours become asymmetric and the
stagnation point move toward left side that has more inlet length
than the other side.

To investigate buoyancy induced flow over the horizontal
surface, the Richardson numbers of 1 and 10 are taken into ac-
count. Fig. 7 shows temperature contours and streamlines for
ϕ = 0◦, Re = 225, Ri = 10.0 (a), (b), ϕ = −20◦, Re = 150,
Ri = 1.0 (c), (d), and ϕ = 20◦, Re = 100, Ri = 10.0, W = 0.1
(e), (f). As it is clear, for the case Ri = 10, buoyancy effects
are large resulting in strong vortices with major variations in
temperature field on the horizontal surface. The depth of varia-
tions of physical parameters is as high as the horizontal surface
length. Several runs at different Richardson numbers indicate
that for Ri > 4 a pair of vortices start forming on the horizontal
surface accompanied by significant changes in the flow pattern
and temperature field. In Fig. 8, the exit velocity profiles for the
three cases represented in Fig. 7 are shown to make clear a very
good satisfaction of conservation of mass.

Fig. 8. Exit velocity profile for the three cases of Fig. 7.
Fig. 9 shows streamlines and dimensionless temperature gra-
dient on the surface, for ϕ = 15◦, Ri = 0.01 and Re = 100.
From the figure, it can be realized that a maximum temperature
gradient occurs at the stagnation point where the flow breaks
into two branches (X = 0).

Since the main objective of the problem studied here is to
find out the case with maximum heat transfer rate and the op-
timum gap size concerning this. Therefore, the rest results con-
centrate on the average Nusselt number variation with other
governing parameters. Fig. 10 shows Nu versus Re for vari-
ous Gr’s where R = 0.5. Increasing Re and Gr increases Nu
indicating augmentation of heat transfer rate. In addition, for
high Re (Re > 200) and 103 < Gr < 105 the increase rate of
heat transfer is approximately the same due to reduction of
buoyancy flow driven effects and when velocity becomes 1.5
times (Re varies from 200 to 300), Nu increases by 30% for
103 < Gr < 105.

In order to compare channels with different W (0.1, 0.2, 0.3,
0.4, and 0.5) and R, the mass flow rate of the channel is held
constant. The defined Reynolds number is proportional to the
mass flow rate at ϕ = 0◦, to set mass flow rate equal, a corrected
Reynolds is defined as

ReC = Re

R
(14)

Figs. 11(a)–(d) show Nu versus various values of W and R

for different numbers of Re and Gr, where mass flow rate is
constant for all cases. The numerical results indicate that, there
is an optimum gap at which a maximum heat transfer rate
over the horizontal surface occurs. For Re =50 and Gr = 2500
(Fig. 11(a)), the value of optimum gap varies between 0.3 and
0.4 depending on the channel inlet length (R). As R decreases
both Nu and optimum gap size increases, indicating that a di-
vergent vertical channel is more suitable to have larger heat
transfer rate than a convergent channel, and the more divergent
the channel is, the higher the heat transfer rate is. The phys-
ical reason to this stems from the fact that in divergent chan-
nels recirculation flow generated from separation strengthen the
buoyancy driven effects which augments heat transfer rate. Cor-
Fig. 9. Stream lines (a) and temperature gradient (b), for ϕ = 15◦ , Ri = 0.01, Re = 100, Pr = 0.7, W = 0.3.
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respondingly, the optimum gap size for Re = 100 and Gr = 104

(Fig. 11(b)) takes place at 0.25 for different values of R. This
case is related to Ri = 1, where both forced and natural convec-

Fig. 10. Nu versus Re in various Gr for R = 0.5, Pr = 0.7, W = 0.3.
tion effects present at the same weight. In Figs. 11(c) and 11(d)
where buoyancy driven flow is dominant, the optimum gap size
for maximum heat transfer only exists at values of R � 0.35,
and at R > 0.35, the less the gap size is, the maximum the heat
transfer rate is.

Fig. 12 shows Nu versus W in various Re at Gr = 5 × 103

and R = 0.5 for case (a), and Gr = 5 × 104 and R = 0.7 for
case (b). In Fig. 12(a), Wopt is between about 0.2 and 0.35 for
100 < Re < 400, but in Fig 12(b), where Gr is higher than (a),
Nu has an increasing trend with W reduction independent of
gap value.

In Figs. 13(a)–(b), Nu versus W in various Ri are shown
at R = 0.5 and Re = 100 (a) and R = 0.75 and Re = 66.66
(b) (the mass flow rate hold constant for two cases), where for
low Richardson numbers (0.01 < Ri < 1.0), Wopt = 0.35 and
Wopt = 0.25 respectively, but Nu has an increasing trend with
W reduction in higher Ri.

Although the curves have the same trend for Ri from 0.01
to 1, the heat transfer rate for the case b is about 15 percent
higher than that of case a. To investigate the asymmetry effect in
channel, Fig. 14 shows Nu versus W at Re = 100 and Gr = 104
Fig. 11. Effect of Re and Gr on Nu in various W and R in constant mass flow rate at Pr = 0.7.
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Fig. 12. Nu versus W in various Re for Pr = 0.7, Gr = 5 × 103, R = 0.5 (a) and Gr = 5 × 104, R = 0.7 (b).

Fig. 13. Nu versus W in various Ri for R = 0.5, Pr = 0.7, Re = 100 (a) and R = 0.75, Re = 66.66 (b).

Fig. 14. Effect of asymmetricity in channel on Nu for RL = 0.6R, Pr = 0.7, Re = 100 and Gr = 104.
for different values of RL and RR . Considering Fig. 14(a), for
low asymmetry in channel and R = RL + RR = constant, Nu
keep constant but for convergent channel and high gap value,
asymmetric channel is more efficient than symmetric channel.
In Fig. 14(b) the value of inlet length is held constant (R = 1.0)
to investigate effect of asymmetricity amount in channel on so-



M.R.H. Nobari, A. Beshkani / International Journal of Thermal Sciences 46 (2007) 989–997 997
Fig. 15. Nu versus Re in various Pr for R = 1.0, W = 0.5, Pr = 0.7, Gr = 104.

lution. The figure indicates that, when the channel becomes
more asymmetric (RL = 0.2), Nu increases proportional to
symmetric channel (RL = 0.5).

Fig. 15 shows Nu versus Re in various Pr of 0.7, 1.0, 2.0
and 5.0 for R = 1.0, W = 0.5 and Gr = 104. Increasing Pr in-
creases Nu linearly and despite the factor of 7 increases in the
Pr number from air (0.7) to water (5), the Nu number varies by
200 percents in high Re.

6. Summary and conclusion

Mixed convection heat transfer in a vertical channel flow im-
pinging over horizontal surface is studied taking into account a
general geometry including symmetric and asymmetric diver-
gent or convergent channels. The numerical simulation based
on a second order finite difference method using projection
scheme are carried out to solve governing equations. The nu-
merical results obtained indicate the following physical points

(1) Heat transfer rate over the horizontal surface for divergent
channel due to buoyancy driven flow is greater than conver-
gent ones.

(2) In divergent channels, by increasing vertical channel inlet
length, the heat transfer rate increases due to augmented
buoyancy effects.

(3) Heat transfer rate for asymmetric channels are greater than
symmetric channels, and the more asymmetric channel is,
the greater heat transfer rate is.
(4) There is an optimum gap to have a maximum heat transfer
rate over the horizontal surface for Ri � 1. This value varies
from 0.20 to 0.35 depending on Re, Gr and R. For high
Richardson numbers (Ri > 1), Nu has an increasing trend
with reduction of gap size.
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